In this contribution, we investigate a delayed difference almost periodic system for the growth of two species of plankton with competition and allelopathic effects on each other. By using the methods of Lyapunov function and preliminary lemmas, sufficient conditions which guarantee the existence and uniformly asymptotic stability of a unique positive almost periodic solution of the system are established. An example together with its numerical simulations is presented to verify the validity of the proposed criteria.
Introduction
Allelopathy is a biological phenomenon by which individuals of a population release one or more biochemicals that have an effect on the growth, survival, and reproduction of the individuals of another population. As an important factor for ecosystem functioning, allelopathic interactions have occurred in various aspects: between bacteria [], between bacteria and phytoplankton [, ] , between phytoplankton and zooplankton [] , and also between calanoid copepods [] . Especially, allelopathic interactions are widespread in phytoplankton communities, which deeply attract the attention of researchers. Thus, in aquatic ecology, the study of tremendous fluctuations in abundance of many phytoplankton communities is a significant theme. Recently, many workers have been aware that the increased population of one species of phytoplankton might restrain the growth of one or several other species by the production of allelopathic toxins. For detailed literature studies, we can refer to [-] and the references cited therein.
In [], Qin and Liu discussed the permanence and global attractivity of the following delay difference system with plankton allelopathy:
where {h(n)} is a bounded sequence defined on the set of nonnegative integers Z + . Meanwhile, we make a convention that b n=a h(n) =  if a > b. The rest of this paper is organized as follows. In Section , we introduce some notations, definitions and lemmas which are useful for our main results. Sufficient conditions for the existence and uniformly asymptotic stability of a unique positive almost periodic solution of system (.) are established in Section . In Section , an example and its numerical simulations are presented to illustrate the feasibility of our main results. Finally, we give some proofs of theorems in the appendices for convenience in reading.
Preliminaries
In this section, we give some notations, definitions and lemmas which will be useful for the later sections.
Denote by R, R + , Z and Z + the sets of real numbers, nonnegative real numbers, integers and nonnegative integers, respectively. R  and R k denote the cone of a two-dimensional and k-dimensional real Euclidean space, respectively. We also set
where M is defined in (.).
is a relatively dense set in Z for all ε > ; that is, for any given ε > , there exists an integer l(ε) >  such that each interval of length l(ε) contains an integer τ = τ (ε) ∈ E{ε, y} such that
τ is called the ε-translation number of y(n).
is said to be almost periodic in n uniformly for φ ∈ D if for any ε >  and any compact set S in D, there exists a positive integer l(ε, S) such that any interval of length l(ε, S) contains an integer τ for which
τ is called the ε-translation number of g(n, φ). Consider the following almost periodic delay difference system:
is almost periodic in n uniformly for φ ∈ C B and is continuous in φ, while y n ∈ C B is defined as y n (s) = y(n + s) for all s ∈ [-τ , ] Z . The product system of (.) is in the form of
A discrete Lyapunov function of (.) is a function V : Z + × C B × C B → R + which is continuous in its second and third variables. Define the difference of V along the solution of system (.) by , it is not difficult to prove that condition () of Lemma . can be replaced by the following condition:
Definition . (see [] ) System (.) is said to be permanent if there exist positive constants M i and M i such that
From the proof of [, Lemma .], we have lim sup
where i, j = , , i = j.
Main result
According to (.) and (.), we denote by the set of all solutions (x  (n), 
are satisfied, then system (.) possesses a unique almost periodic solution (x *  (n), x *  (n)), and it is uniformly asymptotically stable within .
The proof of Theorem . is given in Appendix .
Example and numerical simulations
In this section, to verify the validity of our main results, we give an example and its corresponding numerical simulations.
Example . Consider the following discrete system with a delay:
with the following initial conditions:
By a computation, we get A further calculation shows that
Clearly, the assumptions of Theorem . are satisfied, and hence system (.) has a unique uniformly asymptotically stable positive almost periodic solution. From Figure  , we can see that there exists a positive almost periodic solution (x *  (t), x *  (t)), and the twodimensional and three-dimensional phase portraits of almost periodic system (.) are revealed in Figure  , respectively. Figure  shows that any positive solution (x  (n), x  (n)) tends to the almost periodic solution (x *  (n), x *  (n)).
Appendix 1: Proof of Theorem 3.1
By the almost periodicity of {r i (n)}, {a ij (n)} and {b i (n)}, i, j = , , any sequence {τ k } ⊂ Z + , with τ k → +∞ as k → +∞, is such that
as k → +∞ for n ∈ Z + . Let ε be an arbitrary small positive number. It follows from (.) and (.) that there exists a positive integer N  such that subsequence, denoted by {x ik (n)} again, converging on any finite interval of K as k → +∞. So, we have a sequence {y i (n)}, i = , , satisfying
which, together with (A.) and
We can easily see that (y  (n), y  (n)) is a solution of system (.) and m i -ε ≤ y i (n) ≤ M i + ε for n ∈ K. Since ε is small enough, it follows that
This completes the proof.
Appendix 2: Proof of Theorem 3.2
We first make the change of variables
It follows from system (.) that
(B.)
From Theorem ., it is easy to see that system (B.) has a bounded solution (p  (n), p  (n)) satisfying 
where
where B = A  + A  . Consider the associate product system of system (B.)
It is easy to see that 
